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Temporal graphs are commonly used to represent time-resolved relations
between entities in many natural and artificial systems. Many techniques were
devised to investigate the evolution of temporal graphs by comparing their
state at different time points. However, quantifying the similarity between
temporal graphs as a whole is an open problem. Here, we use embeddings
based on time-respecting random walks to introduce a new notion of distance
between temporal graphs. This distance is well-defined for pairs of temporal
graphs with different numbers of nodes and different time spans. We study the
case of a matched pair of graphs, when a known relation exists between their
nodes, and the case of unmatched graphs, when such a relation is unavailable
and the graphs may be of different sizes. We use empirical and synthetic
temporal network data to show that the distance we introduce discriminates
graphs with different topological and temporal properties. We provide an
efficient implementation of the distance computation suitable for large-scale

temporal graphs.

Graphs are ubiquitous mathematical entities formed by a set of nodes
and one of the edges connecting pairs of nodes'. They can model a
wide range of interacting systems, such as social*’, technological®,
spatial’, and biological networks®, and owe their popularity to their
ability to encode the complex relational structure of these systems.
Real-world systems, moreover, often have temporal properties that
cannot be encoded in static graphs and call for modeling based on
time-resolved network representations, known as temporal graphs’.
Examples of these include transportation'® and ecological networks",
human close-range interactions”, collaboration networks"” ", etc.
Given their ubiquitous use in representing such diverse kinds of
systems, it is crucial to be able to compare them. In fact, defining and
computing a similarity measure between pairs of graphs®® underpins
many important applications and tasks, including machine learning
tasks such as graph classification. However, given the high dimen-
sionality of graphs and their structural complexity, many different
notions of distance can be devised, capturing different properties of
interest. Hence, many definitions of distance for static graphs were
introduced, as reviewed in refs. 21-25. One of the most straightforward
approaches is the edit distance’®, which counts the number of ele-
mentary changes (edge or node removal or addition) needed to

transform one graph into another and only accounts for local infor-
mation. Approaches that probe the global graph structure are usually
based on matrix inversion?’* but generally have a high computational
cost and approximations are needed to achieve satisfactory compu-
tational performances. The above methods are all designed for com-
paring pairs of graphs with a known correspondence between nodes, a
case we will refer to as matched graphs. The more general case of
unmatched graphs entails defining distances for pairs of graphs for
which a mapping between nodes is unavailable, and the graphs may
have different numbers of nodes. In this case, one can either extract
and compare a suitable set of chosen graph features, as done in
Refs. 29,30, or leverage the spectral properties of appropriate matrix
representations®>*, In this case, the computational complexity is also
a bottleneck, and approximation heuristics are often required?.

In the case of temporal graphs, the temporal dimension adds to
the complexity of graph comparison. Many of the distance measures
mentioned above for static graphs were used to study temporal
graphs®, typically to compare the state of the graph at different points
in time and to identify anomalies and change points in the temporal
evolution of the graph®*™*°. Here instead, we study the problem of
comparing temporal graphs, each taken as a whole. Unlike the
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snapshot-based methods mentioned above**°, we rely on a temporal

embedding with a dimensionality that is independent of the temporal
span of the graphs, so that we can compare temporal graphs with
arbitrary, and different, temporal spans. Few notions of distance were
proposed to compare temporal graphs with arbitrary time spans. In
particular, the method of ref. 41 is based on a set of features that can be
tailored to a specific research question (similarly to ref. 29 for static
graphs). Ref. 42, on the other hand, addresses the same problem of
temporal graph comparison we tackle here, but it assumes the graphs
to be matched, and it is computationally inefficient (the graph dis-
similarity is obtained by solving an NP-hard optimization problem and
the authors propose an approximation running in O(n®) operations,
where n is the number of graph nodes). Finally, ref. 43 only considers
the unmatched case and focuses on a specific property of temporal
graphs, namely the comparison of temporal paths’ statistics, to pro-
vide a definition of dissimilarity.

Here, we propose a computationally efficient method to compute
an actual distance metric between pairs of temporal graphs, con-
sidering both the matched and unmatched cases. We build our com-
parison on top of graph embeddings, leveraging ideas from the local
and global approaches mentioned above and encoding differences at
the topological and temporal levels. Commented Python code that
implements the approach described here is publicly available at the
link provided in ref. 44.

Results
Before delving into the details of our main contribution, we first state
some basic definitions.

Definition 1. (Temporal graph) A temporal graph G(V, £, W) is a tuple
(V, &, W), where Vis a set of n nodes, £ a set of temporal edges between
pairs of nodes, and W a set of edge weights. For a discrete variable ¢
denoting time, all temporal edges e € £ have the form e=(i, j, t),
representing an interaction between nodes i and j at time ¢ and w,
indicates the positive weight of edge e. We say an edge (i) is active at
time ¢t if (i,j,t) € £. Anode i is active at time ¢ if it belongs to an active
edge at t.

The graph G(V,&,W) can be represented with a sequence of
weighted adjacency matrices, (W,},., 1, where T is the number of
time points. Each of these matrices has size n x n and entries
(W )y=w j,n>0if (i,j,t) € £and (W,); = 0 otherwise. In the following,
we will refer to these matrices as “snapshots” of the temporal graph at
given times and to T as the number of snapshots®. In a more general
description of temporal networks, each interaction may be repre-
sented with a tuple (i, j, t, 7) where T € R is an interaction duration.
We adopt the former notation because it is simpler to handle in the
following. The two notations are completely interchangeable

ts, ts,

. ) B
¥

Fig. 1 | Distance computation between two temporal graphs. The inputs to the
distance function are two temporal graphs g, (top, orange nodes) and G, (bottom,
green nodes), generally with a different number of snapshots (7;=5, T, =4, in the

example) and a different number of nodes n (here n; =6, n,=5). Each graph is
represented as a matrix P € R"*", according to Eq. (1), with entry (§j) encoding the

whenever the time is discrete and a finite temporal resolution ¢, is set.
In fact, all contacts with a duration within ¢, are considered to be
instantaneous, and (i, j, ¢, 7) can be represented by a set of interactions
of unitary duration: {(i, j, t+6)}s<o, ..., r-1;- FOr this reason, Definition 1 is
sufficiently general, as it can also describe interactions lasting more
than one temporal unit. For increasing values of ¢, the temporal
graph gets progressively more aggregated and loses information on
the temporal ordering of contacts within ¢, but partial information
can be retained with edge weights expressing the fraction of ¢, in
which the edge was active.

Let us now introduce the concept of matched and unmatched
graphs.

Definition 2. (Matched graphs) Let G,(V;, £;, W) and G,(V,, €,, W,) be
two temporal graphs with n; and n, nodes, respectively. We say that G;
and G, are matched if n; = n, and there exists a known bijective func-
tion m : V; — V, that maps each node of g; to a node of G,. The two
graphs are otherwise said to be unmatched.

When two graphs have the same size, i.e., the same number of
nodes, there are always many possible mappings m between their
nodes, but for the matched approach to be valuable, a known mapping
associated with an external notion of node identity across the two
graphs is necessary (e.g., nodes corresponding to the same persons in
two temporal social networks). An implicit consequence of Definition 2
is that all graph pairs with a different number of nodes are considered
to be unmatched. We now state the requirements for our distance
measure and illustrate our main result.

In the following, we define two types of distance functions, d,,,
d, between matched and unmatched graphs, respectively. The inputs
to these functions are two temporal graphs, G; and G,, with poten-
tially different numbers of time points (snapshots) 7; and T5. In both
cases, the distances should fulfill the following standard
requirements*®: (i) non-negativity; (ii) separation axiom; (iii) sym-
metry; (iv) triangle inequality. In addition, both distances should be
able by design to detect differences induced by the permutation of
time indices. The matched distance should also differentiate
between temporal networks differing only by a permutation of node
indices, while the unmatched one should be invariant under such
transformation.

Our proposed distances are computed in two steps: (i) we gen-
erate a temporal graph embedding, given by a matrix of size (n x d)
(with d independent of T), that encodes relevant topological and
temporal properties by leveraging time-respecting random walks on
the temporal network; (ii) we define the distance in the embedded
space, treating separately the matched and the unmatched cases. The
distance computation pipeline isillustrated in Fig. 1. The steps outlined
above are described in detail in the following two sections titled

probability that a random walker goes from i to j following a time-respecting path
(the walker’s position at each time point is indicated in blue). The matrices P, P, are
then embedded using the EDRep algorithm, mapping them to X; € R™*¢ and
X,=R" d Finally, the matched—Eq. (5)—and unmatched—Eq. (6) —distances are
calculated. Notice that a necessary condition to compute d,, is that n; = n,.
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Temporal graph embedding and Defining an embedding-based
distance.

Temporal graph embedding

Graphs are rich data representations and it is challenging to define
simple mathematical operations to manipulate them. Graph embed-
dings provide an interesting avenue for doing so, as they yield a
representation in vector space that preserves some of the graphs’
relevant properties’’~°. In the case of temporal graphs, the additional
challenge of dealing with their temporal dimension has been tackled in
many different ways: ref. 51 represents time as an additional dimension
of an adjacency tensor; in evolutionary spectral clustering®*, a dif-
ferent embedding is obtained for each snapshot, and smoothness
conditions are implemented on their temporal evolution; more recent
work® % introduced approaches based on time-respecting random
walks, which encode temporal properties relevant for dynamical pro-
cesses occurring on temporal graphs; refs. 39,40 also build one
embedding per snapshot for studying the graph evolution and com-
paring different time points; the authors argue that a graph compar-
ison metric should depend on the whole graph structure and thus
define graph instead of node embeddings.

Following an approach similar to ref. 59, we start from time-
respecting random walks to generate temporal graph embeddings,
which we use to define a distance based on global temporal graph
properties. The embeddings are obtained as the solution to an opti-
mization problem. We define a loss function whose argument is a
transition matrix P that is the limiting distribution of time-respecting
random walks over the temporal graph G to be embedded. T being the
number of snapshots of G, we consider an ensemble of random walks
of length ¢ drawn uniformly at random between 1 and 7, and starting
from arandomly chosen node at time ¢ = T - € + 1; at each time step, the
walker, situated, e.g., on node i, can either move to a random neighbor
of i in the snapshot at time ¢ or stay in place on i; if the walker is situated
on anode that is not active at time ¢, i.e., which has no neighbors in this
snapshot, the walker stays in place with probability one. The graph
snapshots on the left of Fig. 1 show examples of such time-respecting
random walks on the input graphs.

Specifically, given a temporal graph G, with W, the snapshot
adjacency matrices at times t=1, ---, T, we define for each snapshot
it =D, + I,,)‘I(Wt +1,), where D, is the degree matrix D, = diag(Wd,) of
the snapshot, /,, is the identity matrix of size n x n, and 1,, is the n-sized
unity vector. We then define the matrix P as

1. -
P=2d LAy, 1)

The matrices L, and P are sometimes referred to as temporal transition
matrix and global transition matrix, respectively. Time-respecting
random walks depend on several properties of the temporal graph,
that may include, for instance, the presence of a non-Markovian
behavior, and of a broad distribution of the edge activity and inter-
event durations®. The limiting probability matrix P of time-respecting
random walks encodes the aforementioned properties, and it is
sensitive to the permutation of time indices. We remark that the
random walks we use can be of arbitrary length. Hence, the matrix Pis,
in principle, sensitive to all time scales of the temporal graph at hand.

Given the above probability matrix P and a chosen embedding
dimensionality d, we now generate, for each node i of G, a unitary node
embedding vector x; € RY. To this end, we define X ¢ R"*? as a
matrix where each row represents an embedding vector. We then
express the loss function as:

X!/ x;
Lp(X)= =Y |Py log Q;(X) — , @)

i,jev n

T T
exi Xj exi Xj

Zkel/exirx‘( . Zi

Q;(X)= ©)

This loss function is the sum of the cross entropies between the dis-
tributions in the rows of P and the variational distributions in the rows
of Q(X), with the addition of a regularization term. Since Z; is computed
in O(n) operations for each i, the function £, requires O(n?) operations
to be computed. We adopt the recently proposed EDRep algorithm®
that introduces an efficient approximation of Z;, optimizing £, in O(n)
operations. For further details, we refer the reader to the Methods
section.

The matrix X obtained by optimizing £, defines the embedding of
the temporal graph G. In the following, we show how to leverage this
embedding to define a distance between temporal graphs.

Defining an embedding-based distance

We want to define a distance between temporal graph embeddings
satisfying the requirements stated above. Notice that the embedding
vectors x are defined up to an orthogonal transformation applied to
the rows of X. In fact, suppose R € R¢*¢ is an orthogonal matrix, and
X;=Rx;, then x/x; :f(,-Tf(j and the loss function of Eq. (2) is
Lp(X)=Lp(X). Hence, our distance must be invariant under orthogonal
transformations. Moreover, as discussed above, the distance for
unmatched graphs must also be invariant with respect to node
permutations.

Given these requirements, we now discuss separately our choices
for the the matched and unmatched cases. In the Fvaluation with
empirical data section, we show the ability of our distances to dis-
criminate between temporal graph classes that differ for topological or
temporal properties.

Distance definition for matched graphs. Let X; and X, € R"*? be the
embedding matrices of two matched temporal graphs G; and G,. To
satisfy the invariance requirements discussed above, rather than
defining our distance directly in terms of the matrices X; and X5, we use
the auxiliary matrices My =X,X{ and My =X,X] of size nx n. These
matrices are by construction invariant with respect to orthogonal
transformations of the embedding space and encode the global
structure of the corresponding temporal graphs, as the embeddings
are generated using the complete temporal network information. We
define the distance d,,, between matched temporal graphs as:

dn(G1,G2) == |l Mx‘ - sz lF » “4)

where || - || is the Frobenius norm. Each matrix M encodes the simi-
larity in the embedding space between all pairs of nodes of the cor-
responding temporal graph, and d,, quantifies thus the difference
between these similarity patterns. In the Methods section, we show that
we do not need to actually compute the large (nxn) My and My,
matrices, but that the distance can be computed using the generally
smaller d x d matrices as follows:

dm(gl,g2)=\/Hx{x1Hi+ x|}~ 2|xixs ®)

We can easily verify that d,, is a distance, as it satisfies all the
requirements mentioned above and is generally not invariant under
the permutation of node indices. Notice that, even if d,,, can be com-
puted for any pair of graphs with the same size, this distance is only
meaningful for matched graphs (i.e., with known matching). In Eq. (5)
indeed, the term XITX2 implies that X; and X, have the same size and
that their rows are ordered according to the same node indices.
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Table 1| Summary properties of the socioPatterns time-resolved proximity networks used here

Graph name Description n Duration T
Primary school’®% Children of 10 classes of a primary school 242 2 days 194
High school 1%° Students of 3 classes of a high school in 2011 126 4 days 453
High school 2% Students of 5 classes of a high school in 2012 180 7 days 1215
High school 3% Students of 9 classes of a high school in 2013 327 5 days 605
Baboons® A group of baboons 13 27 days 3986
Households® People of a village in Malawi 86 26 days 1926
Hospital®® Patients and health-care workers of a hospital 75 5 days 579
Conference'" People at a medical conference 405 2 days 190
Office®® Office workers in an office building 92 19 days 1646

Graph name is used to identify the graphs; Description provides concise information on the context where data were collected; n is the number of graph nodes; Duration is the temporal span of the
dataset, and T is the number of graph snapshots. The temporal resolution is t.., =10 min for all datasets.

Distance definition for unmatched graphs. In the case of unmatched
graphs, there is no correspondence between nodes, and the distance,
as we discussed, should also be invariant with respect to node per-
mutations. We, therefore, define the distance between unmatched
graphs using auxiliary vectors. Specifically, we denote with A(4) the
vector of ordered eigenvalues of a matrix A and define our distance
between two unmatched temporal graphs as

_ X1TX1 X2TX2
d,(G,,G,)= H/l (’1—1> - /l<n—2

where X; and X; are, as before, the embeddings matrices of the two
graphs, with sizes n;=|V;| and n,=1|V,|. The normalization of the
covariance matrices X! X; and X] X, is chosen so that their eigenvalues
are independent of the graph size.

In the Methods section, we show that the covariance matrices
XX, and XJ X, (of size d x d) are indeed an appropriate argument of
the distance function d,,, since they are independent of the ordering of
the nodes and any other orthogonal transformation applied to the
columns of X; and X,. However, a direct comparison of the entries of
XTX; and X] X, would require a one-to-one correspondence between
the embedding dimensions, i.e., the columns of X; and X,. This map-
ping is unavailable because the EDRep algorithm, like most vector-
space embedding techniques, makes no guarantees on the corre-
spondence between the dimensions of the embedding vectors related
to different graphs. To tackle this issue, we thus compare the spectra,
which are invariant with respect to orthogonal transformations of the
rows of the embedding matrices. This choice takes inspiration from
spectral distance definitions for static graphs, such as ref. 33, in which
graphs are compared by computing the distance between the ordered
sets of the eigenvalues of their matrix representations (adjacency,
Laplacian, non-backtracking, etc.)

, (6)

2

Computational complexity

As discussed in the Methods, the computational complexity of the
embedding step is O nd*+d - min(n?,E)), where E=%",|&] is the
total number of temporal edges, n is the number of graph nodes and d
is the embedding dimension. On top of this, the distance d,, is then
obtained with O(nd” +d*) additional operations, while d, requires
O(nd* + d*) additional operations.

Evaluation with empirical data

We now evaluate the distance definitions we introduced, particularly
with respect to their sensitivity to important topological and temporal
properties of empirical temporal graphs. We carry out three kinds of
evaluation tests using both synthetic and empirical temporal graph
data. We use, in particular, empirical data shared by the Socio-
Patterns collaboration (sociopatterns.org) describing time-resolved,

close-range proximity interactions of humans and animals in a variety
of real-world environments (see Table 1 of the Methods section). These
data are known to exhibit rich multi-scale network structures, complex
temporal activity patterns, correlations between these two, and other
complex network features®. Hence, they provide a natural benchmark
to assess the sensitivity of our distance definitions to several specific
properties of real-world temporal graphs. It is important to note that
these datasets are by no means an exhaustive sample of temporal
networks. However, our goal here is to show that the distances we
introduce are sensitive to complex properties of temporal networks
that we know are present in these particular datasets. Therefore, the
evaluations we outline below do not depend on testing our distances
on a comprehensive set of temporal networks but rather rely on
making tests using data that are well understood, have been and are
widely used by the scientific community, and are known to exhibit
many important properties of temporal graph data.

1. Discriminating between classes of temporal graphs. We consider
topologically different synthetic temporal graphs of different
sizes and we cluster them using our temporal graph distance d,,
checking how well the clusters we find match the known classes of
the generative method we used, irrespective of graph size. We
then carry out the same test using empirical graphs on human
proximity in school settings.

Detecting partial node relabeling. We consider a synthetic tem-
poral graph, select a fraction of its nodes, shuffle their indices and
compute the distance d,,, between the original and the relabeled
graphs. We investigate the behavior of the distance d,, as a
function of the fraction of relabeled nodes.

Discriminating between temporal graph randomizations. We use
the empirical data to elucidate which of the many properties of
real temporal graphs are discriminated by the distances we
introduced. We proceed as follows: given an empirical temporal
graph, we apply to it a set of randomization operations, where
each operation is designed to preserve specific properties of the
original data (e.g., the activity time series of each node). We then
attempt to discriminate the randomized temporal graphs from
one another using our distance definitions and quantify the per-
formance of such discrimination tasks. We test both d,, and d;
however, by design, this evaluation strategy compares temporal
graphs with the same number of nodes.

Discriminating between classes of temporal graphs. To test the
ability of our model to distinguish topological network features, we
proceed as follows. We consider four random generative models for
static graphs and generate 250 instances from each model with size
uniformly distributed between n=200 and n=1800 and constant
average degree. The models we use are (i) the Erd6s-Renyi (ER)
model®’; (ii) the stochastic block model (SBM), capable of generating
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graphs with a known community structure®; (iii) the configuration
model (CM), yielding graphs with an arbitrary degree distribution®;
(iv) the geometric model (GM), which generates edges based on
proximity in a latent space®. Unlike the first three, the latter model
yields graphs with a high clustering coefficient. Details on these gen-
erative models are provided in the Methods section. We then turn
these graphs into temporal graphs by assigning an activity time series
to each edge of the static graph, i.e., a set of timestamps at which that
edge is active. To do this, we copy the activity time series of a randomly
chosen edge of an empirical temporal graph, namely the Conference
dataset, which has the largest number of nodes among the empirical
datasets we use. Details on the properties of this dataset are given in
Table 1. We then deploy our distance definition d, to compute a
pairwise distance matrix between all these temporal graphs and use
this matrix as an input for an unsupervised clustering algorithm to
label each graph. The unsupervised clustering algorithm only takes the
distance matrix and the number of clusters k (here k=4) as inputs.
Here, we first perform a spectral embedding of the distance matrix
between graph pairs using non-negative matrix factorization (NMF)®’
extracting k non-negative components and then applying the k-means
clustering algorithm with k classes®®. We note that successively
embedding and clustering is a standard approach, and using NMF is
most suited here since the distance matrix is non-negative. Finally, we
compare the original temporal graph labels (i.e., the classes of our
generative model) with the partition labels yielded by unsupervised
clustering based on our distances: we quantify the match between the
true partition and the inferred one using the normalized mutual
information (NMI), which yields a performance metric ranging
between O (random guess) and 1 (perfect reconstruction).

Figure 2A shows the normalized mutual information (NMI)
between the known temporal graph classes (associated with the four
generative models) and the inferred cluster labels, as a function of the
embedding dimension d. The discrimination performance is low for
small values of d, but for dz8, the accuracy is high and becomes
insensitive to the specific value of d. The inset in Fig. 2A shows
the uMapP® two-dimensional embedding of the vectors A € R used in
the distance d,,. Each symbol corresponds to one temporal graph, the
color and marker shape indicate its generative model, and the marker
size is proportional to the number of graph nodes. We observe that the
graph size does not appear to affect distances systematically and that
the A vectors used by the distance d,, allow us to discriminate between
all four generative models. Indeed, we verified that the distances d,,
between graph pairs and the Euclidean distances between their
respective UMAP embeddings are strongly correlated, with a highly
significant Spearman correlation coefficient of -0.92.

1.0 = = = 5]

0.9 A
_o0s8
= 0.7 ‘g

0.6 5

0.5

dim 1
2 4 8 16 32 64 128

d

Fig. 2 | Validation of the distances on graphs of varying size. A Accuracy of the
distance-based clustering against the ground truth classes in terms of normalized
mutual information (NMI), as a function of the embedding dimension d used in the
embedding step shown in Fig. 1. The clustering task consists of recognizing four
classes of synthetic temporal graphs with an unsupervised algorithm based on the
distance d,. The classes are obtained by generating a graph from either of four
models (stochastic block model (SBM), configuration model (CM), Erd6s-Renyi
(ER), and geometric model (GM)) with constant degree equal to 4.8, and the tem-
poral component is obtained by sampling the edge activity of an empirical graph, as
detailed in the main text. Inset of panel A Scatter plot of UMAP dimensionality
reduction in two dimensions of the vector A appearing in the definition of d,, given

We now carry out a test using the distance d,, on empirical tem-
poral graphs. We look at the challenging setting in which the graph
pairs considered have comparable sizes and time spans and are col-
lected in similar contexts. To do so, we use the SocioPatterns
datasets collected in schools Primary school, High school 1, High school
2, High school 3, described in Table 1, representing time-resolved,
close-range proximity interactions of individuals grouped in multiple
school classes, over several days. We extract sub-temporal graphs from
these datasets and compare them with one another using the distance
d,. We associate the school classes with a label: Primary for all primary
school classes; Bio for the high school classes on biology; Other for the
remaining classes.

We consider a pair of classes (cy, ¢;) from the same dataset, and we
build a sub-graph restricted to all the interactions on a given day “Day”
between the students of the classes ¢; and c,. We finally compute the
two-dimensional uMAP embedding from the vector A appearing in Eq.
(6). Figure 2B shows the result of this procedure for all possible triplets
(c1, ¢, Day). Class labels are indicated by the markers’ color and style.
We observe a very high correlation between the distances d,, of graph
pairs and the Euclidean distances between their uMaP embedding
vectors, with a Spearman correlation of 0.88. That is, our distance
definition can tell apart the networks extracted from the primary
school dataset from those coming from the high school dataset.
Moreover, a weaker but still visible separation exists in the embed-
dings of (Bio-Other) with respect to the other triplets. This is likely
because biology classes were often held in school laboratories rather
than in classrooms, leading to different interaction patterns. Our dis-
tance can discriminate between temporal networks that are, in prin-
ciple, similar (school classes over one day) with no major structural or
temporal differences.

Detecting partial node relabeling. One required property for mat-
ched distance is to distinguish between graphs that differ only upon a
node relabeling. To evaluate the ability of our distance to accomplish
this task, we work with the synthetic temporal graphs defined in the
section Discriminating between classes of temporal graphs. For each
random graph model, we (i) generate an instance of the random graph
with n=1000 nodes; (ii) randomly select a fraction a of nodes and
shuffle their labels; (iii) compute the distance between the original
graph and the partially relabeled one. This is repeated for 25 different
realizations of the partial relabeling. Figure 3 shows the distance d,
(rescaled by the graph size) as a function of a. The plots confirm that
the distance depends on partial node relabeling for all the considered
generative models, with a positive distance as soon as a>0, and
increases with the fraction a of relabeled nodes. Notably, the plot

@ Other-Other @ Bio-Other
Primary-Primary + Bio-Bio

dim 2

in Eq. (6), with d=32. Each point refers to a temporal graph; the color and marker
style refer to the generative model of its static component, while the marker size is
proportional to the number of nodes. B Two-dimensional uMap embedding of A for
the temporal graph obtained by selecting two classes and a day of interaction for all
possible (cy, ¢,, Day) triplets in the SociopPatterns datasets describing temporal
graphs of human proximity in schools. Each point refers to a triplet, and the color
and marker style are assigned according to the class labels: the primary school
classes form a group on their own, and the other three groups (Other-Other, Bio-
Other, Bio-Bio) belong to the high school datasets, where Bio are the biology
classes, and Other the remaining ones. In all cases, the temporal networks are
aggregated over a scale of ¢ ., =10 min.
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Fig. 3 | Detection of partial node relabeling. Normalized matched distance d,,/n
between a temporal graph and itself, upon partial node relabeling, as a function of
the fraction a of relabeled nodes. The plots refer to the four generative models used
in Fig. 2A: stochastic block model (SBM), Erdés-Renyi (ER), configuration model
(CM), and geometric model (GM). with an average degree equal to 4.8. For each

graph, the temporal component is obtained by sampling the edge activity of an
empirical graph, as detailed in the main text. The barely visible shadow line is the
standard deviation of the distance across 25 randomizations of the partial
relabeling.

suggests a high discriminative power even for small a values, as the
distance increases rapidly with a.

Discriminating between temporal graph randomizations. Let us now
consider 9 empirical SocioPatterns datasets, whose basic proper-
ties are summarized in Table 1 of the Methods section. Following ref.
70, we select six types of randomization operations R; (i=1, ..., 6),
described in detail in the Methods section. In all cases, we preserve the
number of nodes and the number of snapshots of the original tem-
poral graph. These six randomizations are chosen because they allow
us to inspect relevant temporal graph properties, including the inter-
action duration distribution, the node activation time series, the
strength distribution in the aggregated graph, or the presence of a
community structure. We can thus investigate graph properties both
at the topological and temporal levels.

To quantify the discriminative performance of our temporal
graph distance, we proceed as follows, separately for each empirical
temporal graph: given the empirical temporal graph and a pair of
randomization operations (R;, R;)), we generate a set of 250 realiza-
tions using R;, labeled as 0, and a set of 250 realizations using R;,
labeled as 1, for a total of 500 temporal graphs. We then compute the
matrix of distances between these 500 graphs and use it to cluster
them in 2 clusters, following the same procedure used for Fig. 2A.
Figure 4 reports the NMI values between the real labels and the
unsupervised algorithm result for each pair of randomizations (R;,
Rj), and for both the matched distance dp, (left panel) and the
unmatched distance d,, (right panel). Within each panel, each matrix
refers to one empirical temporal graph, and its entries are the NMI
values described above. A high NMI entry indicates that our distance
discriminates well between the temporal graphs generated accord-
ing to the two randomization procedures in the corresponding row
and column of the matrix entry, i.e., that the distance is sensitive to
the properties preserved by either R; or R;. Low NMI values may either
correspond to an inability of the distance to capture those properties
or simply reflect that the empirical temporal graph is statistically
random as far as those properties are concerned, as observed in
particular for several pairs of randomizations in the Baboons dataset.
Thus, it is enough to find one empirical dataset for which the distance
can be distinguished between a pair of randomizations to conclude
that the distance is indeed sensitive to the corresponding graph
properties.

Discussion

We introduced a novel definition of distance between pairs of tem-
poral graphs. This definition entails two steps. First, the temporal
graphs are embedded in Euclidean space, and then a distance is
defined in the embedding space. For the first step, we use an

embedding based on time-respecting random walks over the temporal
graph. Such walks are known to depend on and to encode important
structural and temporal properties of time-varying graphs®***¢°”! For
the second step, we proposed two possibilities for the distance defi-
nition: if a mapping is known between the nodes of the graphs to be
compared, we consider a distance definition that leverages such
mapping; in the more general case, when such a mapping is unavail-
able, we put forward a definition that makes it possible to compare
graphs with arbitrarily different sizes (numbers of nodes). In both
cases, since the size of the embedding matrix we use does not depend
on the graph’s temporal span, it is possible to embed temporal graphs
with different durations in the same embedding space and thus com-
pute a distance between them. The evaluation of our approach on both
synthetic and empirical data shows that the proposed distance is
sensitive to structural differences (e.g., degree distribution, clustering
coefficient, or presence of communities) as well as to temporal dif-
ferences (e.g., burstiness or node activity patterns) of the temporal
graphs being compared.

The methodology we developed is very general and customizable,
as several alternative choices are possible for both steps of our
approach, namely the chosen embedding method and distance. The
specific choices we study here are motivated by two considerations: (i)
a theoretical one, given the importance of time-respecting random
walks in encoding information on temporal graphs, and thus in gen-
erating distributed representations of temporal graphs®*>¢°7; (ii) a
numerical one, which led us to choose the EDRep algorithm of ref. 61
because of its efficiency and scalability. Our evaluation results support
these choices a posteriori.

Some limitations of our approach are worth mentioning. First, the
part of our evaluation based on empirical data focused on a limited set
of temporal graphs, namely temporal networks describing the close-
range proximity of humans. However, these temporal graphs are
known to feature a broad variety of representative structural and
temporal features, such as time-varying community structures, bur-
stiness of edge activity, fat-tailed distributions of interaction dura-
tions, and more™". Second, we only considered the cases of fully
matched graphs (a bijective relation between nodes) or no known
matching. An interesting intermediate situation would be partially
matched graphs, in which only a subset of nodes are matched across
the two graphs. Tackling this challenging case would yield an inter-
esting extension of our work. Finally, our unmatched distance allows
us to compare graphs with sizes (number of nodes) that potentially
differ even by orders of magnitude. Even if our definition can deal with
such extreme cases, we believe that this kind of comparison calls for a
more profound question on what it means to compare entities that
differ so much. This case might require tailored definitions of distance
that leverage domain-specific knowledge.
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Fig. 4 | Distance-based graph clustering for ensembles of temporal graphs
generated according to different randomization techniques. Left panel: results
for the matched distance d,, of Eq. (5). Right panel: results for the unmatched
distance d,, of Eq. (6). Within each panel, each matrix corresponds to one of the 9
SocioPatterns temporal graphs described in Table 1. The rows and columns of
each matrix correspond to the same set of six randomization techniques we used,
described in the Methods sections. Each input graph is represented as a sequence
of temporal edges (i, j, t) as per Definition 1. The randomizations act on the
temporal edges as follows. Random: preserves the number of temporal edges and
randomizes the node and time indices; Random delta: preserves the number of
temporal edges and interaction duration distribution; Active snapshot. preserves
the number of edges at each time step and the times at which each node is active,

i.e., at which it has at least one neighbor. Time: preserves the aggregated weighted
graph structure, i.e., the number of times each edge is active in the temporal
graph; Sequence; preserves each snapshot’s adjacency matrix and randomizes
the order in which they appear; Weighted degree: preserves the total number of
temporal edges involving each node. For each pair of randomizations, we infer
the randomization method of each temporal graph via an unsupervised distance-
based clustering algorithm, and we compare the inferred randomization
method with the known true one. Each matrix entry reports (value and color
coding) the accuracy of the inferred labels (randomization methods),
quantified as the normalized mutual information (NMI) between the inferred and
true labels.

Defining a distance between temporal graphs opens the door to a
wealth of potential applications, of which our evaluation only offers
possible examples. On the one hand, such a distance can support data
analysis of temporal graph data by extending the procedure of Fig. 4 to
a richer set of randomizations®. Indeed, as discussed, the inability to
distinguish pairs of randomizations of a given temporal graph can be
regarded as an invariance property of the graph itself. On the other
hand, computing a distance between graphs can provide a crucial tool
for the validation of generative models that is often limited to com-
paring a set of statistical properties”, while our distance definition
enables us to carry out a comparison at the global level. In addition,
our distance could underpin the very process of generating synthetic
temporal graphs by enabling approaches such as GANS™ that depend
on aglobal distance and have proved extremely powerful in generating
realistic data™”*. In particular, generating synthetic human proximity
data with realistic topological and temporal properties could be used
to better simulate infectious disease spread and other phenomena of
interest for public health research’>*°. Finally, we know that empirical
(temporal) graphs are hard to anonymize’**"%2, To minimize the risk of
node re-identification, performing some perturbation operations on

the graph might be necessary before making it publicly available.
However, such operations risk destroying essential patterns and
information of empirical data. The distance we introduced could help
tackle the trade-offs between re-identification risk and information
loss by better quantifying the latter.

Methods

The EDRep algorithm

The EDRep algorithm® was recently proposed to efficiently generate
embeddings given a probability matrix encoding the affinity between
the embedded items. This is done by optimizing the cost function of
Eq. (2) under the constraint ||x;|| =1 and obtaining a low-dimensional
representation of matrix P. A known problem of this type of cost
function is the computational complexity because the normalization
constants Z;= Zkeve"ir X require O(n?) to be calculated. However,
ref. 61 describes an efficient way to estimate all the Z; values in O(n).
This is accomplished by first subdividing the nodes into g groups
based on the embedding matrix X. Here, g is a parameter of the algo-
rithm, and larger g values generally lead to a higher accuracy, but very
good results are already obtained for g =1. Second, for eacha=1, ..., g,
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one computes the mean p, and the covariance matrix Q, of the set of
embedding vectors of the nodes in group a. Denoting the number of
nodes in group a by m,, one obtains the estimation of Z; as

g 1
Zi%ZHanp{XiTﬂa‘FiXiTani} : (7)

a=1

Coming to the algorithm’s computational complexity, given that our
choice of P is the sum of matrix products, the algorithm can be
implemented in two forms: one in which P is never formally com-
puted and the sequence {L,},_; . is fed to the algorithm; and one in
which P is explicitly computed. Letting X € R™*? be the matrix
storing the embedding vectors in its rows, the computational com-
plexity is determined by the matrix product PX needed to obtain the
gradient of £, defined in Eq. (2). In the former case, this is computed
in (’)(nd2 +dE) operations, where E=Ztr:1|£t| is the number of tem-
poral edges. In the second case, instead, the complexity is given by
the number of non-zero entries of P, which cannot exceed n* The
former implementation is particularly convenient when n is large and
the [, matrices are very sparse. This happens because P may be
dense, even if the snapshots are sparse, and for large values of n,
representing the matrix P in computer memory might be challen-
ging. Conversely, for small graphs, n*> may be smaller than the
number of temporal edges, making the latter implementation more
convenient.

Matched distance definition
From Eq. (5), we have

A= 32 [, = ) ’
= ,Zv (M) M5+ My )My ) = 2My )My )]
2 > (M) M+ (M) My ) = 2M )My )
- Z MM+ My MY, = 2M M) ®
= tlre(jleM;) +tr(MyM7) — 2tr(M,M7)

QXX XXT)+tr(YYTYYT) — 260XXTYYT)
Qo XTXXTX)+tr(YTYYTY) = 2er(Y T XXTY)
@

SIXTXIE+ YTV =20 XTYIE,

where in (a) we exploited that My and My are symmetric, in (b) we used
the definition of My, My, in (c) we used that property of the trace stating
that tr(AB) =tr(BA), and finally in (d) we applied the definition of the
Frobenius norm.

Properties of the unmatched distance
In this section, we show that the unmatched distance is invariant with
respect to node permutations, and, more generally, to any orthogonal
transformation applied to the columns of the embedding matrix. We
then show that the unmatched distance is also invariant with respect to
any orthogonal transformation applied to the rows of the embedding
matrix. This is necessary because the EDRep loss function is invariant
under this type of transformation.

We consider a bijective node mapping m:V — V. We let Q €
R"*" be the permutation matrix defined as Q; = ;). In the matrix
multiplication, Q swaps the entry i with m(i):

Xia :=(QX)jq = Z Qinja = Z 5j, n(i)Xja =Xﬂ(i),a . 9)

Jjev Jjev

The matrix Q is orthogonal, in fact

(QQ");= " QuQu =Y 6t mSk, mj) = it m» =y »

kev kev (10)
where the last equality follows from m being a bijective mapping. As a
consequence, QQ" = Q"Q=1,. The distance d, depends on the embed-
ding matrix X only through X"X. We now show that this expression is
invariant under node permutation of the embedding matrix, or any
orthogonal matrix Q. Indeed, let X = QX, then

X' X=xTQ"Qx=X"X .
1

an

n

We now show that the distance d,, is also invariant under the ortho-
gonal transformation applied to the embedding matrix rows. Let R €
R?*“ be an orthogonal matrix and let X = XR. Letting A{(M) be the i-th
smallest eigenvalue of M, then, for all i, A(AB) = A(BA) [Theorem
1.3.22%]. It follows

Ai()?rf() =LR'XTXR)=A(RR] X"X)=A(X"X) , 12)
~——

thus proving the claim.

Temporal graph randomizations

In Table 1 we summarize the properties of the temporal graphs we used
to conduct our tests. Here we give a more detailed description of the
randomization techniques we adopted, defined in terms of the quan-
tities they preserve. According to the method, it may be more con-
venient to represent the temporal graph as a sequence of
instantaneous interactions (i, j, t), as a sequence of interactions with a
duration (i, j, t, 7), or as a sequence of weighted adjacency matrices

W70, Before randomization, time is discretized at the scale of 10 min

in each dataset, and the cumulative interaction time in each 10-min
window is used as weight.

1. Random. Temporal edges are represented as (i, j, £) and all three
indices are randomized, avoiding self-edges (i and j randomly
sampled with replacement between 1 and n, and ¢ between 1 and 7).
Preserved quantities: number of temporal edges.

2. Random delta. Temporal edges are represented as (i, , ¢, 7). Once
again, i, j, t are randomized (¢ is randomly sampled with replace-
ment between 1 and T - 1), while 7 is preserved. Preserved
quantities: number of temporal edges and interaction duration
distribution.

3. Active snapshot. At each time step t, the edges are randomly
replaced between active nodes at ¢, i.e., that had at least one
neighbor in the original snapshot. Preserved quantities: number
of edges at each time step and activity pattern of each node.

4. Time.Temporal edges are represented as (i, /, t) and only the index
t is randomly sampled with replacement. Preserved quantities:
aggregated graph structure.

5. Sequence. The graph is represented as a sequence of weighted
adjacency matrices W and the indices ¢ are shuffled. Preserved
quantities: the structure of each snapshot.

6. Weighted degree. Temporal edges are represented as (i, /, £) and all
three indices are randomized as in Random but with the con-
straint that each node appears in the same number of temporal
edges as in the original network. Preserved quantities: nodes
weighted degree.

Synthetic models
We here provide a formal definition of the models used to generate the
synthetic graphs under analysis. Even though we considered four
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models, three of these can be generated from the degree-corrected
stochastic block model®* by changing its parameters.

Definition 3. (Degree-corrected stochastic block model) Let V be a set
of n nodes and ¢ € [k]" be a vector mapping each node to a class.
Further, let C € R¥*¥ be a positive symmetric matrix and 8 € R" be a
vector satisfying 8'1,,=n. The entries of the graph adjacency matrix
A € [0, 1]™" are generated independently (up to symmetry) at random
with probability

The vector ¢ contains the labels and gives a community structure
in the case in which C, , > C, 5 for b # a, meaning that there is a higher
probability that two nodes in the same community will get con-
nected. The value 6; is proportional to the expected degree of node i.
For this reason, if one chooses 8=1,, and £=1,, one gets the Erd6s-
Renyi model, in which every node has the same expected degree, and
there are no communities. The configuration model, instead, is
obtained by letting £=1,, but changing the value of 0 to create an
arbitrary degree distribution that we choose to be a (properly
rescaled) uniform distribution between 3 and 10 raised to the power
4. Finally, the stochastic block model is obtained from a labeling
vector different from 1,, and letting 8=1,. We consider k=5 com-
munities of equal size with C,,=206,,+ (1~ 6,4), with § the Kroe-
neker symbol.

Let us finally introduce the random geometric model.

C[. A
0,
P 13)

P(A;=1)= min <1, 0,0;

Definition 4. (Random geometric model) Let V be a set of n nodes. For
eachi e Vletx; € R? be arandom vector with norm ||x;||<L. The entries
of the graph adjacency matrix A € [0, 1]™" are generated independently
(up to symmetry) at random with probability
PA;=1)=ePMxl (14)

for some positive .
Note that even though the entries of A are drawn at random, this
model can generate graphs with a high clustering coefficient because

the probability depends on the relative distance between fixed
embedding vectors. In our simulations, we set §=20.

Data availability
All data used in this article are publicly available at http://www.
sociopatterns.org/datasets/ and at ref. 44.

Code availability
Commented Python code to reproduce our results is available at
ref. 44.
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